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Abstract— A novel miniature THz resonator consisting of
a finite-length slotted graphene cylinder wrapped around an
infinite circular dielectric rod is proposed. A full-wave 3-D
electromagnetic scattering model is built using the method of
moments (MoM) solution of the electric-field integral equa-
tion (EFIE) in the spectral domain. In order to gain a better
understanding of the associated physical effects, the obtained
results are compared with a 2-D model where the slotted
graphene cylinder is assumed infinite. A good agreement between
the 3-D and 2-D models is found. The dependence of the backscat-
tering radar cross section on the frequency is analyzed. It is found
that in both cases this scatterer displays quasi-static Helmholtz
resonance (HR) response in the sub-THz frequency range, a
behavior previously known for perfectly electrically conducting
(PEC) slotted cylinders. For both models, in-resonance surface
current distributions and far-zone radiation patterns are given.
The most important innovation is that due to the use of graphene
the Helmholtz-mode resonance becomes electrically tunable.

Index Terms— Conformal antennas, graphene patch,
Helmholtz resonance (HR), hyper-singular integral equation,
method of moments (MoM), radar cross section.

I. INTRODUCTION

THE Helmholtz resonance (HR) has been known since at
least the middle ages as a remarkable acoustic phenom-

enon observed on rigid cavities with narrow throats. In the
19th century, it was demystified by Helmholtz who published
an approximate but efficient description of this effect [1].
Rayleigh [2] gave the mathematical theory of canonical-shape
HR–rigid sphere with a circular hole. This theory was refined
in [3]. Perhaps, the most well-known application today of HR
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concerns the design of submerged sonar targets and absorbers
for car mufflers.

More than a hundred years later, an electromagnetic analog
of the HR effect was found in the microwave range in the
form of the so-called slot wave propagating on a hollow metal
waveguide with a longitudinal slot [4].

A full-wave theory of this effect was built for a 2-D
zero-thickness slotted circular perfectly electrically conducting
(PEC) cylinder in the free space [5], and on a circular dielectric
rod [6]–[9]. In the latter case, elementary dipole excitation
was studied in [10]. Later the HR effect on the slot mode
was studied in [11] in the 2-D scattering and absorption by a
resistive slotted cylinder in the free space.

Note that an electromagnetic analog of the acoustic-mode
HR does not exist on a PEC sphere with a circular hole [12].
However, if a PEC or well-conducting cavity resembles a finite
section of a slotted hollow waveguide, then a similar mode
may exist in the transverse-electric polarization, as described
for the slotted box gold cavity in the infrared range [13]. Note
also that the HR effect was verified experimentally in [14].

It should be mentioned that 2-D scattering problems con-
nected with cylinders are of interest in the literature [15]–[19].
In particular, in [15] a cylindrical strip is arranged on a
dielectric cylinder surface, in [16] a metal cylinder placed in a
flat dielectric layer is excited by a current-carrying skew strip.
The authors of [17] studied multiple scattering by random
configurations of circular cylinders. In [18] and [19], the scat-
tering problem is solved for anisotropic cylinders. Interesting
ideas concerning the method of moments (MoM) solution
of scattering from PEC scatterers composed of mixtures of
smooth and non-smooth geometrical features can be found
in [20].

Among the mentioned papers [15]–[20], [15] is the closest
to the subject of our research. However, in that work, the
E-polarization case is considered and therefore there is no HR,
which is the core phenomenon in this article.

A distinctive feature of the Helmholtz mode in acoustics
is its quasi-static nature [1]–[3]. In electromagnetics, this
corresponds to the LC-contour description, see [5], [6]. As a
result, in the 2-D PEC model, the HR frequency tends to zero
for an angular width of the slot going to zero [5]–[9]. In the
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Fig. 1. Plane wave excitation of finite slotted graphene cylinder placed on
the surface of infinite circular dielectric rod.

3-D case, this should not be the same although the natural
frequency can be very small; one can expect that the minimum
value depends on the length of the cavity.

As for graphene cavities, the 2-D scattering from a dielectric
rod with a conformal slotted cover was recently studied
in [21] and [22]. This analysis revealed the Helmholtz-mode
resonance in the THz or infrared range, depending on the rod
radius. It is crucial to realize that here HR becomes electrically
tunable because its frequency depends on the graphene surface
impedance.

In this work, we study the 3-D configuration shown
in Fig. 1. On the surface of an infinitely long circular dielectric
rod along the z-axis, a patch made of graphene is located. The
patch is shaped as a finite slotted graphene cylinder with an
arbitrary angular slot width. The mathematical model of the
plane-wave scattering from such a scatterer is built using the
electric-field integral equation (EFIE) for the surface current
on the patch and an MoM-Galerkin scheme in the spectral
domain using piecewise sinusoidal (PWS) basis functions.
This solution is similar to the one built earlier for PEC con-
formal array antennas [23]–[25] and for periodical arrays [26].
In particular, in [26] the low-frequency HR was analyzed for
an array of PEC patches placed in an azimuthally periodic
manner on the surface of the infinite dielectric rod.

As a reference, we use the 2-D model, in which not only the
dielectric rod but also the slotted graphene cylinder is infinite,
analyzed using the approach of [21], [22]. This approach also
uses the EFIE, which is a hyper-singular equation, discretized
with the aid of the guaranteed-convergence Nystrom quadra-
ture interpolation scheme.

The novelty in this article consists of the following points.
First, the MoM solution for PEC patches periodically placed
on a dielectric rod surface [26] is extended to structures
with resistive patches described via a surface impedance.
As a consequence, a new term in the resulting impedance
coupling matrix appears, which is obtained in an explicit
form. Second, for the first time graphene is used as the
material for the finite slotted cylinder. Third, we show that the
3-D graphene resonators are able to support a Helmholtz-like
mode, a phenomenon not studied in the literature before.

Fig. 2. Cross-sectional view of the scattering of an H-polarized plane wave
from a graphene slotted cylinder on a circular dielectric rod.

Besides, in addition to the H-polar case, some results for the
E-polar case are presented for the first time.

We make such a study for a resonator explained above
and quantify the HR frequency, surface current, and backward
scattering cross section (BSCS). Our results are supported by
good agreement with the results obtained for the 2-D model,
provided that the length of finite graphene slotted exceeds the
rod radius more than three times.

Partial preliminary results of our study were presented in the
conference paper [27]. However, here they are considerably
deepened and extended, together with an in-detail discussion
of the slot-mode characteristics. Besides, the tunability of the
analyzed resonator with the aid of the chemical potential of
graphene is demonstrated and discussed. Note that in [28] the
practical realization of a tunable graphene mid-IR biosensor is
based on a planar array made of graphene strips. Additionally,
although graphene micro and nanotubes are still somewhat
exotic objects, they are already being fabricated and studied—
see, for instance [29].

II. INFINITE SLOTTED GRAPHENE CYLINDER

As a reference, we will use the results obtained for
the H-polarized plane wave scattering from the infinite in
z-direction circular dielectric rod, covered with an infinite
graphene slotted cylinder, see Fig. 2. The scattering prob-
lem formulation for the Hz field component is a standard
one and involves the Helmholtz equation at r �= r0, the
dielectric-interface boundary conditions at r = r0 off the
graphene arc, and the resistive-type boundary condition on
that arc. The latter condition has the following form:
�Etot,1

tan + �Etot,2
tan =2Zsur f �n ×

( �H tot,1
tan − �H tot,2

tan

)
, �Etot,1

tan = �Etot,2
tan

(1)

where Zsur f is the surface impedance of graphene (also called
resistivity) and �n is the outer unit normal vector. Note that
if Zsur f = 0, then (1) turns to the PEC boundary condition.
To provide the solution uniqueness, the edge condition, defin-
ing the field behavior near the graphene sharp edges, and the
Sommerfeld radiation condition at infinity are used.

The graphene surface impedance is inverse to the surface
conductivity σ

Zsur f = 1/σ (2)
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and the latter quantity is expressed as a Kubo sum [30]

σ = σintra + σinter (3)

where

σintra = c1

iω + τ−1
, σinter = −iq2

e

4πh
ln

2|μc| − (ω − iτ−1)h

2|μc| + (ω − iτ−1)h
(4)

c1 = q2
e kB T

π�2

[
μc

kB T
+ 2 ln

(
1 + exp

(
− μc

kB T

))]
(5)

ω is the angular frequency, τ is the electron relaxation time,
qe is the electron charge, h is the reduced Planck constant, μc

is the chemical potential, and T is the temperature. As known,
the first term, which is also called the Drude-like term, heavily
dominates over the second term at all frequencies below the
visible-light range.

The solution to this 2-D problem can be built in several
equivalent ways. For instance, we could consider a limit form
of the 2-D EFIE in the 3-D problem (this is (10)), obtained
after passing to the limit of wz → ∞ (see Fig. 1), and apply
the inverse Fourier transform (IFT) in z-coordinate. The result
would be a 1-D hypersingular EFIE for the surface current
φ-component that can be either analytically regularized as
in [11] or solved with a Nystrom algorithm as in [21]. In either
case, the convergence of the numerical solution of that EFIE
is guaranteed by the mathematical theorems. The solution
accuracy is then controlled by the order of discretization.
In our analysis, we derive the mentioned hypersingular EFIE
via another approach, following [21], [22], and further solve
it with a Nystrom algorithm, also presented in [21].

Still, turning back to [11], where the mentioned EFIE for
the 2-D scattering problem was reduced to a Fredholm second-
kind matrix equation, provides an important analytical result.
This is expression (42) for the resonance frequency of the
H00 mode of a slotted circular cylinder, modified for imperfect
conductivity under the assumption that |Zsur f | < Z0 (Z0 being
the free-space impedance). Taking into account that in our case
graphene is placed on the dielectric rod surface, we obtain

fres = c

2π r0

[(− ln−1 sin(θs/2)

εr + 1

)1/2

− i Zsur f

2Z0

]

×
[

1 + O

(∣∣Zsur f

∣∣
Z0

,
1

ln θs

)]
. (6)

Note that, as the graphene impedance (2) is frequency-
dependent, this is not an explicit expression but an equation for
fres. It can be cast to a quadratic equation, with the approximate
solution given by

fres = c

2π r0

(
− 1

εr + 1
ln−1 sin

θs

2

)1/2(
1 − c

2r0 Z0c1

)
. (7)

This equation is accurate within 5% if the slot width is small
enough, 2θs ≤ 5o.

III. FINITE SLOTTED GRAPHENE CYLINDER

The final goal in this article is the analysis of a finite slotted
graphene cylinder (3-D model) wrapped around an infinite

circular dielectric rod with radius r0 and permittivity εr . The
angular slot width is 2θs . The graphene cylinder is finite in
the z-direction having the size wz—see Fig. 1.

This scatterer is excited by a plane wave, which is incident
along the direction −x , i.e., normally to the rod axis, so that
(the time dependence eiωt is omitted)

Einc = E0 exp(i k0 x) (8)

where E0 has the unit amplitude, k0 = 2π f/c. Let the angle
between the Einc vector and the z-axis be γ (see [19], [20]),
then γ = 0 and γ = 90 correspond to the E- and H-polarized
plane wave cases, respectively. If γ lies in between these limit-
ing values, then the incident wave contains both polarizations.

The field, scattered from such a composite scatterer, must
satisfy: 1) the Maxwell equations off the rod’s surface; 2) the
dielectric-interface boundary conditions of that surface but
off the graphene patch; and 3) the resistive-type boundary
condition (2) on that patch. To provide the solution uniqueness,
the boundary conditions must be supplemented with the edge
conditions on the patch sharp edges and corners, and the
radiation condition at infinity.

Here, the radiation condition needs special attention,
because we assume that the dielectric rod is infinite. This
means that the considered configuration is an open waveguide
loaded with an open resonator. Note that the guided waves of
such a waveguide do not decay along the rod, i.e., along the
z-axis. Therefore, the radiation condition must be adapted to
this situation as done in [31], see (36) there.

Similar to [23]–[26], the problem is reduced to EFIE,
which follows from the scattered field representation as a
convolution of an unknown equivalent surface electric current
with the known dielectric-rod Green’s function (GF) and the
resistive boundary condition (1) on the graphene patch surface
S = {z, φ : |z| < wz/2, θs < φ < 2π − θs}

ER
s (r0, z, φ) − EJ

s (r0, z, φ) = E0,exc
s (r0, z, φ) (9)

where E0,exc
s (r0, z, φ) is the excitation field, derived from the

plane H-polarized wave diffraction from the bare dielectric
rod [26], EJ

s (r0, z, φ) is the field created by the surface electric
current Js(r0, φ

′, z′) [23], [26]

EJ
s (r0, φ, z) =

∫∫
S′

G
J
(r0, r0, z, z′, φ , φ′)Js(r0, φ

′, z′) d S′

(10)

where G
J

is the 3-D dyadic GF of the infinite circular dielec-
tric rod (see Appendix A), and ER

s (r0, z, φ) is the resistive
term expressed as

ER
s (r0, z, φ) = Zsur f Js(r0, z, φ). (11)

Furthermore, we discretize EFIE (9) using the
MoM-Galerkin algorithm developed earlier in the analysis of
PEC patch antennas on a circular dielectric rod [26], to obtain

Z α = V (12)
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where

Z = Z NU M + Z AS + Z SU RF + Z R (13)

Z NU M = 1

4π2

∞∑
n=−∞

∫ ∞

h=−∞
J̃t(r0,−n,−h)

· [G̃(r0, n, h) − G̃AS(r0, n, h)−F S
n,h

]
J̃b(r0, n, h) dh

(14)

Z AS =
∞∑

n=−∞

∫ ∞

h=−∞
J̃t(r0,−n,−h)

· G̃AS(n, h) J̃b(r0, n, h) dh. (15)

F S
n,h and Z SU RF stand for the surface wave contribution,

Z AS means the contribution of the asymptotes of the spectral
GF, Z R represents a resistive term. Thus, the applied technique
incorporates a convergence enhancement in the IFT achieved
by subtraction of the asymptotes of the spectral GF in the spec-
tral domain G̃AS(r0, n, h) and by adding its spatial equivalent
Z AS in the spatial domain. Besides, the surface wave poles
of the spectral GF are compensated by special annihilating
functions F S

n,h and the IFT Z SU RF is added in the spatial
domain in closed form. The formulas (13)–(15) are similar
to the ones in [23]–[25], except that now we deal with the
GF of the circular DR without an internal metal rod. The
spectral GF asymptotes for n → ∞, h → ∞ are obtained by
applying asymptotic formulas for modified Bessel and Hankel
functions and their derivatives [32, formulas (9.7.7)–(9.7.11)]
to the rigorous spectral GF (see Appendix A). Note that
the main terms of the GF asymptotes remain the same as
in [23]–[25]. Also, the terms F S

n,h and Z SU RF are introduced
similarly as in [23]–[26].

An essentially new aspect which appears here, in compari-
son with [23]–[26], consists of the fact that in (12) and (13) a
new additional term is introduced, namely the matrix Z R , and
expressed as

Z R =
[

Z R,z,z 0
0 Z R,ϕ,ϕ

]
. (16)

The elements of Z R,z,z and Z R,ϕ,ϕ are calculated in an
analytical form (see Appendix B).

As known, the far-zone field, scattered from the configura-
tion shown in Fig. 1, is built of two parts: the spherical wave
and the sum of guided waves, supported by the rod.

Our research is focused on the computation of BSCS, also
known as monostatic radar cross section. This quantity has the
meaning of the power, reflected in the direction, opposite to the
propagation direction of the incident plane wave. Therefore,
it is related to the spherical-wave part of the scattered field,
Escat,J (R, θ, φ) [33], as

B SC Su v = 4 π lim
R→∞

R2
∣∣Escat,J (R, θ = π/2, φ = 0) · v

∣∣2

(17)

where Escat,J ·v is the spherical wave v-component (ν = θ, φ).

IV. VALIDATION OF 3-D MODEL BY 2-D MODEL

FOR H-POLAR CASE

Our numerical algorithm is built on (12)–(15). In the compu-
tations, we take the following structural parameters: εr = 2.4,

Fig. 3. Normalized BSCSϕϕ versus frequency for different patch segmen-
tations: NZ and Nϕ . and εr = 2.4, r0 = 50 μm, θs = 10◦ , Wz = 160 μm,
Wϕ = 296.67 μm. 1—Nz = 2, Nϕ = 4, 2—Nz = 6, Nϕ = 12, 3—Nz = 10,
Nϕ = 20, 4—Nz = 14, Nϕ = 28, 5—Nz = 18, Nϕ = 36, 6—Nz = 22,
Nϕ = 44, 7—Nz = 26, Nϕ = 52, 8—Nz = 30, Nϕ = 60. γ = 90◦ .

TABLE I

RESONANCE FREQUENCIES, THz

r0 = 50 μm, θs = 10◦, wz = 160 μm, Wϕ = 296.67 μm.
As the HR frequency scales with the inverse radius of the rod
(7), the chosen radius places this frequency in the sub-THz
range, where the graphene impedance is moderate.

The graphene parameters are μc = 0.5 eV, T = 300 K, and
τ = 10−12 s. The latter quantity is deliberately exaggerated to
reduce the losses (today, the best samples of graphene have
τ = 0.5 × 10−12 s).

First, we study the convergence of the algorithm. It is
demonstrated in Fig. 3 where BSCSϕϕ (normalized by
2π2r0wz) is plotted versus frequency for different values of
the segmentation numbers in z and phi-directions, NZ and
Nϕ , respectively. Then the number of basis functions for the
z- and phi-current is equal to NBZ = NZ × (Nϕ − 1) and
NBϕ = (NZ − 1) × Nϕ , respectively. In Fig. 3, the pair (NZ,
Nϕ) varies from (2, 4) to (30, 60). Based on Fig. 3 we see
that the results stabilize with an accuracy of about 1%.

Second, it is important to know how the resonant frequency
behaves versus wz. To study this, we segment the patch with
NZ = 12 and Nϕ = 24 so that the full number of basis
functions NB = NBZ + NBϕ = 540. In Fig. 4 we present
results for six different wz values: wz = 20 (red), 40 (magenta),
60 (orange), 80 (green), 160 (blue), and 320 μm (black).

Comparing these plots shows that, if wz/r0 > 1.5, then the
HR frequency tends to a limiting value which corresponds to
the 2-D case (see Table I). In view of this data, we have chosen
wz = 160 μm in the systematic computations.
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Fig. 4. Normalized BSCSϕϕ versus frequency for different patch lengths:
wz = 20 (magenta), 40 (red), 60 (orange), 80 (green), 160 (blue), and
320 μm (black). εr = 2.4, r0 = 50 μm, θs = 10◦ , γ = 90◦ .

Fig. 5. Normalized BSCSϕϕ versus frequency for (a) 3-D finite and (b) 2-D
infinite graphene slotted cylinders on the surface of infinite dielectric rod.

Further in this section, the new 3-D model is validated
against the 2-D model. The same set of geometrical and
material parameters, namely, εr = 1 and εr = 2.4,
r0 = 50 μm, θs = 10◦ and θs = 40◦ is chosen, except for
the length of the patch wz, which is finite in the 3-D.

The BSCSϕϕ in terms of frequency, both in the 3-D case
(normalized by 2π2r0wz) and the 2-D case (normalized by
πr0) is presented in Fig. 5(a) and (b), respectively. The red
curves correspond to εr = 1 and the black curves correspond
to εr = 2.4. The dashed and dot-dashed curves correspond to
θs = 10◦ and θs = 40◦, respectively.

Fig. 6. φ-component of the resonant current distribution for εr = 2.4,
θs = 10◦ for (a) 3-D model at f = 0.271 THz and (b) 2-D model at
f = 0.258 THz.

All curves in Fig. 5(a) and (b) demonstrate a low-frequency
resonance, corresponding to the HR on the Helmholtz mode,
H00. The resonance frequencies for the 2-D (infinite) and 3-D
(finite) slotted graphene cylinders on dielectric rod and also
for the infinite slotted PEC cylinder on a rod are collected
in Table I. Note that the finite conductivity lowers the HR
frequency, in agreement with (7).

A common feature is that the HR frequency decreases
with the slot shrinking. In the LC-contour analogy [5], this
means that the capacitance grows if the slot shrinks, which is
logical. Similarly, the presence of dielectric rod also adds to
the capacitance and lowers the HR frequency.

It is seen that there is a good agreement between the
resonance frequencies for the 3-D and 2-D models. The
discrepancy between finite and infinite graphene cylinder is
in the range from 0.5% to 4.5%. Note that presented results
correspond to the value wz/r0 = 3.2. This means that the finite
graphene cylinder is quite long and that its inductance is close
to the inductance of the infinite cylinder.

For smaller wz/r0 the effective inductance starts to vary and
influences the HR frequency. It should also be mentioned that
in the 3-D case there is a nonzero z-component of the electric
current in the graphene cylinder. This component is zero in the
2-D case. It has been found that for H-polarized plane-wave
incidence the influence of this z-component is negligible.

As for the different relative BSCS levels, there is the main
factor that should be mentioned. Namely, in the 3-D case
there are guided waves that are excited on the dielectric rod
and take a part of power. In particular, two orthogonally
polarized “principal” guided waves HE11 have no cutoff and
can propagate at any frequency. In the 2-D configuration,
the guided waves are not excited. It is also seen from Table I
that the HR frequencies of both infinite and finite graphene
slotted cylinders are shifted toward lower values in comparison
with the 2-D PEC slotted cylinder [5], [6].

The φ-component of the resonant current for the 3-D and
2-D models is presented in Fig. 6(a) and (b), respectively. It is
seen from Fig. 6(a) that the current amplitude pattern looks
like a saddle due to the fact that this φ-current is singular at
the edges z = ±wz/2 and goes to zero at the other two edges
where φ = ±θs

Fig. 6(b) demonstrates that in the 2-D case the current
amplitude pattern is similar to the 3-D case (in the cross
section, i.e., at z = const). The phase distribution (not shown

Authorized licensed use limited to: Alexander Nosich. Downloaded on March 05,2022 at 16:10:41 UTC from IEEE Xplore.  Restrictions apply. 



2110 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 70, NO. 3, MARCH 2022

Fig. 7. Near-field pattern for magnetic component |Hz | in the 2-D structure
cross section for the case εr = 2.4, θs = 10◦ for fres = 0.258 THz.

Fig. 8. Normalized far-field scattering patterns for the ϕ-component of the
electric field in the xy plane in the case of (a) εr = 1, θs = 10◦: black
curve is for the 2-D case ( fres = 0.327 THz) and red curve is for 3-D case
( fres = 0.329 THz), and (b) εr = 2.4, θs = 10◦: black curve is for the 2-D
case ( fres = 0.258 THz) and red curve is for 3-D case ( fres = 0.271 THz).

here) tends to approach a constant with a deviation of about
0.15 radians in both the 3-D and the 2-D cases.

In Fig. 7, we present the HR magnetic near-field pattern.
Note that the lines of |Hz| = const coincide with the E-field
force lines. These force lines are similar to the case of the
slotted PEC cylinder (see [5], [6]). Nevertheless, the essential
difference is that graphene becomes transparent in the THz
wave range.

A comparison of far-field scattering patterns in the xy plane
for the 2-D and 3-D cases is given in Fig. 8(a) and (b). The
topologies involved are a graphene resonator without rod, i.e.,
εr = 1, θs = 10◦, and with rod, i.e., εr = 2.4, θs = 10◦. Black
curves are for the 2-D case and red curves are for the 3-D
case.

It is seen that the far-field patterns are in good agreement.
The difference does not exceed 0.75 dB for the case εr = 1
and does not exceed 1.25 dB for the case εr = 2.4.

To demonstrate the 3-D far-field dependence versus the
θ angle (see Fig. 1), in Fig. 9 we present the normalized
far-field scattering pattern for the electric field ϕ-component
in the xz plane in the case of εr = 2.4, θs = 10◦
( fres = 0.271 THz). It can be seen that the radiation pattern
is close to omnidirectional one having a special behavior in
the vicinity of axial directions, θ = 0◦ and θ = 180◦.

Here, one can be reminded that earlier it was shown in
the numerical and analytical ways that in the far zone the
Eθ component as a function of θ : 1) has local maxima

Fig. 9. Normalized far-field scattering pattern for the electric field
ϕ-component in the xz plane in the 3-D case of εr = 2.4, θs = 10◦
( fres = 0.271 THz).

Fig. 10. Normalized BSCSϕϕ versus the frequency for the 3-D finite graphene
slotted cylinder on dielectric rod for different values of the graphene chemical
potential: μc = 0.25 (green), μc = 0.5 (red), and μc = 0.75 eV (blue).
εr = 2.4, θs = 40◦ .

close to the axial direction and 2) goes to zero as ln−1(θs)
and ln−1(|π − θs |), respectively. This happens due to the
contribution of the n = 1 term of the Fourier series [34].

In order to demonstrate the tunability of the HR frequency
in the case of graphene, in Fig. 10 the frequency dependence
of the BSCSϕϕ for several values of the chemical potential is
shown.

The chemical potential scales linearly with the dc bias while
the surface impedance of graphene is inversely proportional to
this potential, see (5). It is seen that a smaller potential entails
a smaller Q-factor for the HR.

V. SOME RESULTS FOR E-POLAR CASE

In Section IV, we have discussed the HR in the scattering
of the H-polarized plane wave. Here, to excite both H- and
E-polarizations at the same time we put γ = 45◦. The slotted
graphene cylinder has parameters: r0 = 50 μm, θs = 40◦,
wz = 160 μm, Wϕ = 244.35 μm, εr = 2.4, and εr = 1.
In Fig. 11, we present the BSCSϕϕ (red and black solid lines)
and BSCSzθ (red and black dashed-dotted lines) for two εr

values: εr = 2.4 (curves 1 and 3) and εr = 1 (curves 2 and 4).
Note that the E-polar resonance is a half-wavelength resonance
in the z-direction. As wz is smaller than Wϕ the resonant
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Fig. 11. Normalized BSCSϕϕ (curves 1 and 2) and BSCSzθ
(curves 3 and 4) versus frequency. r0 = 50 μm, θs = 40◦ , Wz = 160 μm,
Wϕ = 244.35 μm. εr = 2.4 (curves 1 and 3) and εr = 1 (curves 2 and 4),
γ = 45◦.

frequencies for the E-polar case are observed at higher fre-
quencies in comparison with the H-polar case.

VI. CONCLUSION

A full-wave electromagnetic model for a novel tunable
graphene resonator, promising in the sub-THz and low-THz
region, has been presented. The HR is shaped as a finite-length
slotted circular cylinder wrapped around a dielectric rod. This
resonator displays a resonance on the slot mode H00 with a
reasonably high Q-factor and an almost omnidirectional 3-D
far-field scattering pattern. The important feature introduced
by graphene is the tunability of the HR frequency. Such a
resonator can be useful in the design of, for instance, sub-THz
and low-THz sensors of small changes in the permittivity of
either the host medium or the dielectric-rod material. This is
because the HR frequency depends on both the mentioned
values. Such a sensor can be seen as an alternative to existing
sensors based on graphene strip arrays and plasmon-mode
resonances [28].

APPENDIX A

A. Spectral GF for Electric Sheet Current

The components of the GF G̃J (r0, n, h) in the spectral
domain take the following form:

G̃J (r0, n, h) =
[

χn z z(r0, h) χn z φ(r0, h)

χn φ z(r0, h) χn φ φ(r0, h)

]
(18)

where

χn(z z)(r0, h) = −H
n (h)

n(h)

w0

k0r0
(19)

χn(z φ)(r0, h) = i w0 Fn
n(h)

n(h)
+ n h w0

x2
1

H
n (h)

n(h)
(20)

χn(z φ)(r0, h) = χn(φ z)(r0, h) (21)

χn(φ φ)(r0, h) = − i w0 n h k0r0

x0 x1

n(h)

n(h)

[
x1

x0
Fn(h) + x0

x1
�n(h)

]

− (n h)2w0 k0r0

(x0 x1)2

H
0 (h)

n(h)

+ k0r0 w0 �n(h) Fn
E

n (h)

n(h)
(22)

n(h) = n h
[
x−2

1 − x−2
0

]
(23)

E
n (h) = −i

[
�n(h) − εr1 Fn(h)

]
(24)

Fn(h) = γ ′
1(r0)

x1 γ1(r0)
; H

n (h) = i
[
�n(h) − Fn(h)

]
(25)

�n(h) = γ ′
0(r0)

x0 γ0(r0)
; n(h) = n(h) − E

n (h) H
n (h)

(26)

γn0(r, h) = H (2)
n (k̃0r)

H (2)
n (k̃0r0)

; γn1(r, h) = Jn(k̃1r)

Jn(k̃1r1)
(27)

�

k
2

i = k2
0

{
εri − h

2}; x2
i = (k0r0)

2
{
εri − h

2}
(28)

x2
1 = (k0r1)

2
{
εr1 − h

2}; h = h/k0 (29)

εr i =
{

εr1 = εr , r1 < r < r0

εr0 = 1, r > r0.
(30)

Here, Jn(x) is a Bessel function and H (2)
n (x) is a Hankel

function of the second kind, and εri is the relative permittivity.

APPENDIX B

B. Resistive Term MoM Calculation

In the spatial domain the z- and φ-oriented PWS basis and
test functions at (zg

k , φ
g
k ) lead to

Jg
i z(z, φ) = J g

i z(z) J g
i z(φ) z0 (31)

J g
i z(z) = PW S(z, i, b, z0), zi,1 ≤ z ≤ zi,2 (32)

J g
i z (φ) = 1, ϕ i,1 ≤ ϕ ≤ ϕ i,2 (33)

Jg
k ϕ (z, φ) = J g

k ϕ(z) J g
k ϕ (φ) ϕ0 (34)

J g
k ϕ(ϕ) = PW S(ϕ, k, g,ϕ0), zk,1 ≤ z ≤ zk,2 (35)

J g
k ϕ(z) = 1, ϕk,1 ≤ ϕ ≤ ϕk,2 (36)

PWS(s, j, g, c0) =
sin[ps(s −

∣∣∣s − sgs
j

∣∣∣)]
sin(pss)

c0 (37)

where

zi,1 ≤ z ≤ zi,2, ϕ i,1 ≤ ϕ ≤ ϕ i,2 (38)

zi,1 ≤ z ≤ zi,2, ϕi,1 ≤ ϕ ≤ ϕi,2 (39)

zi,2 = zbz
i + z, zi,1 = zbz

i − z (40)

ϕ i,2 = ϕbz
i + ϕ/2, ϕ i,1 = ϕbz

i − ϕ/2 (41)

zi,2 = zbz
i + z/2, zi,1 = zbz

i − z/2 (42)

ϕi,1 = ϕbz
i − ϕ/2, ϕi,2 = ϕbz

i + ϕ/2 (43)

(zbz
i , ϕbz

i ) and (zbϕ
k , ϕ

bϕ
k ) are the coordinates of the zth and ϕth

basis functions, respectively. s stands for z or ϕ, c0 stands for
z0 and φ0, which are the unit vectors in the z- and φ-directions,
pz = k0 p0, pϕ = k0r0 pz, and p0 = √

(εr + 1)/2.
In these definitions, the elements of Z R in (10) can be

calculated in the spatial domain in explicit form as

Z R,z,z
i k = Z Sur f Iz

i, k Izϕ
i, k (44)

Z R,φ,φ
i k = Z Sur f Iφi, k Iϕz

i, k (45)

where

Iz
i, k =

∫ Zi,2

Zi,1

J t
i,z(z) J b

k,z(z) dz (46)
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Izϕ
ik =

∫ φi,2

φ i,1

J t
i,z(ϕ) J b

k,z(ϕ)dϕ (47)

Iϕik =
∫ φi,2

φi,1

J t
i,ϕ (ϕ) J b

k ,ϕ(ϕ)dϕ (48)

Iϕz
i, k =

∫ Zi,2

Z i,1

J t
i,φ (z) J b

k,φ(z) dz. (49)

Note that

Z R,z,φ
i k = Z R,φ,z

i k = 0. (50)

Thanks to the fact that the z- and ϕ-basis functions are
orthogonal, integrals (46)–(49) can be calculated in an explicit
form as

Iz
i, i = 1

2 kz sin2(kzz)
[2 kzz − sin(2kzz)] (51)

Izφ
i, i = φ

Iz
i, i − 1 = 1

2 sin2(kzz)

[
sin(kzz)

kz
− cos(kzz)z

]
(52)

Iz
i, i + 1 = Iz

i, i − 1; Izφ
i, i − 1 = I1zφ

i, i + 1 = φ (53)

Iϕi, i = 1

2 kϕ sin2(kϕϕ)

[
2 kϕϕ − sin(2kϕϕ)

]
(54)

Iφz
i, i = z (55)

Iϕi, i − 1 = 1

2 sin2(kϕϕ)

[
sin(kϕϕ)

kϕ
− cos(kϕϕ)ϕ

]
(56)

Iϕi, i + 1 = Iϕi, i − 1; Iϕz
i, i − 1 = I1ϕz

i, i + 1 = z. (57)

The matrix elements for the other index combinations equal
zero.
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