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Abstract

The natural modes (eigenmodes) of graphene-covered circular dielectric micro-cylinders
are studied based on the corresponding full-wave electromagnetic eigenvalue problem, in
which complex resonance frequencies and corresponding fields are determined numeri-
cally. It is shown that the set of complex frequencies splits into two families. The first one
corresponds to the modes of the dielectric cylinder perturbed by the graphene cover and
the second family represents modes of the graphene cover itself which are plasmon modes.
By introducing a transition coefficient, the transformation of the natural modes of the bare
dielectric cylinder to the modes of the graphene and the perfectly electric conducting cyl-
inder filled with dielectric are traced. In particular it was shown that the plasmon modes
appear not only as a result of the transformation of the inner modes of the perfectly con-
ducting cylinder but also of outer complex modes when the transition coefficient varies
from zero to one. In the paper the natural modes are analyzed together with the two-dimen-
sional scattering problem where the cylinder is excited by the H-polarized plane wave. The
total and backward scattering cross-sections and the absorption cross-section versus the
frequency are presented. It is shown that resonances in the behavior of these cross-sections
strongly correlate with the complex frequencies of the natural modes. For a cylinder radius
in the micrometer range the principal-mode resonances lay in the THz range. Consequently
an important application is sensing at THz frequencies, via measuring the environment-
dependent resonance frequencies.
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1 Introduction

Graphene is a very promising material in the THz frequency range because a sheet of gra-
phene supports so-called surface plasmon waves that generate scattering resonances when
covering objects (Low and Avouris 2014; Ullah et al. 2020; Fallahi and Perruisseau-Carrier
2012; Hanson 2008). Each resonance of this sort is caused by the corresponding natural mode
(eigenmode), the field of which can be viewed as a standing wave created by two oppositely
propagating surface waves. Due to the fact that the conductivity of graphene depends on its
chemical potential, such structures are extremely attractive as potentially tunable electronic
devices. They already find application in chemistry, biosensing, photonics and photodetect-
ing (Rodrigo et al. 2015; Farmani et al. 2020; Zangeneha et al. 2022; Ponnusamy et al. 2022;
Seyyedmasoumian et al. 2022; Khosravian et al. 2021). Therefore, the prediction of the elec-
tromagnetic behavior of graphene scatterers of various shapes (Christensen et al. 2015; Valen-
cia et al. 2017; Cuevas 2018; Gingins et al. 2020; Svezhentsev et al. 2022) including graphene-
covered wires and particles (Zhu et al. 2015; Riso et al. 2015; Velichko 2016; Naserpour et al.
2017; Raad et al. 2019), is important. Moreover, as stated in Dai et al. (2021), micro and nano-
tubes of graphene, wrapped around circular cylindrical rods of millimeter-scale length, are
already fabricated and studied.

The scattering problem of a graphene-covered circular dielectric micro-cylinder
(GCCDMCO) exited by a plane wave was studied with commercial codes in Zhu et al. (2015),
Naserpour et al. (2017), Raad et al. (2019) and a full-wave analytical solution was given in
Riso et al. (2015), Velichko (2016). The frequency eigenvalue problem also has been con-
sidered with commercial codes (Zhao et al. 2014; Xiao et al. 2015; Zhang et al. 2017), and
in Cuevas et al. (2016) an analytical treatment is given for the quasi-static case. A modified
eigenvalue problem adapted to the analysis of the lasing modes on the threshold of stationary
emission is considered in Herasymova et al. (2022). In this paper the eigen frequencies are
real.

In this paper, the complex-frequency eigenvalue problem (CFEP) for a GCCDMC is solved
with a full-wave formulation. The spectra of the extinction cross-section (ECS), the absorption
cross-section (ACS), and the total cross-section (TSCS), are studied in a wide range, from DC
to THz. We demonstrate that the graphene-covered dielectric cylinder is a complicated open
resonator, the modes of which form two distinctively different families. One of them is the
family of the plasmon modes of the graphene cover on the boundary between the two materi-
als. The other family consists of the modes of the dielectric rod slightly perturbed by the trans-
parent graphene cover. To obtain a clearer vision on the natural modes, we introduce an auxil-
iary parameter, the transition coefficient, whose variation describes the transformation from a
bare dielectric cylinder to a cylinder covered with a perfectly electric conducting (PEC) cover.
Using this parameter, we study how the complex modal frequencies migrate in the complex
plane versus impedance and dielectric rod permittivity. Mode field patterns are analyzed and
compared with scattering resonance patterns. The distinguishing feature of this paper is thus
that the plane wave scattering problem (PWSP) analysis is merged with a complex-frequency
eigenvalue problem (CFEP) analysis, yielding entirely new insights.
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2 Complex frequency eigenvalue problem

The GCCDMC, whose cross-section is shown in Fig. 1, is an infinite dielectric rod of
radius r, the surface of which is covered with a graphene layer. Two domains, the exterior
one (I) and the interior one (II) are introduced. Solving the eigenvalue problem, with no
excitation, means determining the complex frequencies f = w/(2x), where w is the angu-
lar frequency, for which the electromagnetic fields satisfy:

(1) The Helmholtz equation in cylindrical coordinates for the H-polar case in the two
domains I and II,

(2) The boundary conditions at the graphene surface r=r,

(3) The radiation condition in domain I,

(4) The condition of local finiteness of power.

The problem can be split into cylindrical modes with azimuthal index n having the
dependency e~"%. Azimuthal degeneration can be circumvented by imposing symmetry
with respect to the x-axis. The magnetic field z-components can then be presented as the
Helmholtz equation solutions in the two domains as (the assumed time dependence e'®’ is
omitted):

H%'(ry, 2, ) = B HP(K'r) cos(ng) 1)

H® (g, 2, ) = A8 ], (K" r) cos(ngp) 2)

where A% and B are unknown coefficients, J, (k"' r) is the Bessel function, HO(K'r) is
the Hankel function of the second kind, k%D =k, n?D are the wavenumbers in the two
domains, k, = w/c = 2zf/c, n"'" = D D s the refractive index, e®D and y*H
are the relative permittivity and permeability, and k, is the free-space wavenumber. In our
problem, &/ =y =1.

The fields in (1)—(2) satisfy the radiation condition and the condition of local finiteness
of power. This is achieved by selecting the proper cylindrical function out of the two possi-
ble solutions of the Bessel equation. H®(k'r) in domain I ensures that the field is an outgo-
ing wave for r— oo, J, (k''r) in domain II ensures that the field is finite at r=0.

The boundary conditions at the rod surface, r=r, where the graphene monolayer is
located, are the resistive-type boundary conditions derived in Hanson (2008) supplemented
with an additional real scalar coefficient, a,

Fig. 1 Cross-sectional view

of graphene-covered circular Y f
dle!ectrlc micro-cylinder with graphene :
radius r=r, '
1 ¢
---- --->
X
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peig] | peigll _ - ~reig,l rreig Il eig _ peigll
ES +EST =20ZmZy i x (H — H*),  ELS =ES, (3)

where 7i is the outer normal unit vector, Z; is the free space surface impedance, and Z, is
the normalized surface impedance of graphene, expressed as (Hanson 2008)

ZupZy =10, )
where

0 = Gintra + Ointer> (5)

Q —ig>  2|u| - (@—ir"Hh
Oinra = T _—7°> Cinter — 1 . > (6)

iw+ 771 dxh  2|u,| + (@ — it~k
kT me o0 He ;

= + + exp(— ,

anz |gr A\ e ™

where pu, is the chemical potential, 4 is the reduced Planck constant, 7 is the electron relax-
ation time, g, is the electron charge, and T is the absolute temperature. The coefficient «
is introduced to collect the graphene case (¢=1), the PEC case (a=0), and the dielectric
boundary condition case (¢— o0) in a single unified formulation. The intermediate a val-
ues do not have any truly physical sense. However, this parameter allows tracing the mode
transformation from the graphene-coated cylinder to the PEC and the dielectric cylinder
cases.

The Poynting Theorem results in the fact that the natural frequencies of an open reso-
nator can be only complex because of the radiation losses. Note that due to the Hankel
function the complex frequency definition area represents multi sheet logarithmic Rie-
mann surface with the single branching point at k,=0. In this paper, we find complex
eigenfrequencies that are localized on the principal (physical) sheet of this surface. To
define this sheet, we arrange a cut on the complex frequency plane from zero to infinity
that runs, for definiteness, along the negative part of the real axis.

Applying the condition (3) at the graphene surface, we obtain

il | o ®)
ay axp | | B,
where

ay = (Z"ro)/n" + 2iaZm Zo)d (1" ), ary = H,(lz)/( 2'ro/n = 2i(aZumZ)H, (' ro),

)
ay =)/ ayy = ~HY (o)l A =K, " =Kry (10)

A solution exists only if the determinant of the matrix in (8) is zero:
A, =0, (11)

where
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A, == 1M ro) /n' + 26 Zon Zo) T, (" ) |HY (') /'

— [HY ('ro) /1 = 2i(aZen Z)H, (2" )] T (" 1) 1" (12

The expression (12) is called the characteristic equation for the natural complex frequen-
cies, f = f¢¢. This equation can be solved using Newton’s method. Once a natural frequency
is known, its natural modal field is easily calculated.

It is known that a graphene layer supports surface waves which “cling” to its surface (Han-
son 2008). This leads to the fact that the structural spectrum consists of two types of eigen-
modes. The first type consists of graphene modes, modified by the presence of the dielec-
tric rod. These modes are the so-called plasmonic modes, P,. The second type consists of
the GH,,, modes of the dielectric rod, modified by the presence of the graphene layer. Note
that the transversal modes of a circular dielectric rod split into so-called internal and external
modes (Herasymova et al. 2022).

It is easily shown from (10)—(11) that in the case of a=0 (PEC cylinder at r=r,) the natu-
ral modes split into two families, satisfying the following characteristic equations:

(k") =0 (HPESNmodes), 13)
HI(IZ)’ (K'rg) =0 (HECOUTmodes), (14)

where m corresponds to the variation along r. Real solutions of (13) and complex solutions
of (14) are known and can be found in Dettmann et al. (2009).

In the following sections it is demonstrated that the HP2¢N and HPEC.OUT modes of the
PEC cylinder transform into the P, and perturbed GH,,, modes if the parameter a varies
from O (the PEC cylinder case) to 1 (the graphene case). If @ — oo, then the plasmon mode
eigenfrequencies move to k=0 and disappear while the dielectric rod mode eigenfrequencies
survive.

3 H-polarized plane wave scattering problem
The problem geometry is shown in Fig. 2 where the GCCDMC is excited by an H-polarized

plane wave incident along the —x direction. The incident magnetic field is in the z-direction
and given by

H" = H° exp(ikyx) (15)

Fig.2 Cross-sectional view of
graphene-covered circular dielec-
tric micro-cylinder with radius graphene

r=r, excited by a plane wave
I ¢ -«
o e Plane
X wave
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The full-wave formulation of the scattering problem involves the Helmholtz equa-
tions in regions I and II, the boundary conditions on the cylinder surface, the radiation
condition at infinity, and the condition of local power finiteness.

In domains I and II, the total z-directed magnetic field components are expressed as
Fourier series in the azimuthal coordinate. Each term in the series satisfies the Helm-
holtz equation. Taking into account the structure and the excitation field symmetry with
respect to y=0, the result is:

H (1,2, 0) = H™(r,2, @) + H (r,2,¢) = ) 6,[i"],(K'r) + B, HP(K'1)] cos(n)
n=0

(16)

H;"””(ro, L) = H;'”’”(r, ) = Z 8,A,J,(k"r) cos(ngp), 17)

n=0

where A and B, are unknown coefficients, the indices “scat” and “tot” stand for the scat-
tered and the total field, respectively, 6, is 1 if n=0 and 2, otherwise. The scattered field
satisfies the radiation condition in the domain I and the condition of local finiteness of
energy in domain II (see also the previous section).

To find the unknown coefficients, the same resistive-type boundary conditions as in
(3) need to be satisfied

ot | protll _ - rytotl _ pytotll ot ] _ TototIl
Etg +Etg = ZaZgrphZ()nX (Hrg Htg ), Etg = Etg s (18)

at r=r, where the graphene monolayer is located.

Using (18) for each azimuthal index value, n=0, 1, 2, ..., a 2 X2 matrix equation for
the unknown coefficients A, and B, is obtained,
ap 4y An:| _ [bl ]
= 19
[921 azz] [Bn b, (19
with the solution
A, = (bjay — byap)/A,, (20)
B, = (=byay + byay)/A,, (21)
where
by = ="T\ (¢ ro) /0" + 20 (aZ,,, 1, Z) T (1" 1o)s by = T (") (22)

For o — 0 the case with a PEC cover at r=r,, is obtained. In this case only in domain
I a non-zero field exists.
The total scattering cross section (TSCS) is

4 - 2
Otses — E ;} én |Bn| s (23)

the extinction cross section (ECS) is

@ Springer
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Oecs = kiRe Z 511 (_i)an (24)
0 n=0

and the absorption cross section (ACS), which can be found from the optical theorem
(power conservation law), is

Oacs = Oecs — Otses (25)

Note that the left-hand part of the characteristic Eq. (11) is present in the denominators

of the field expansion coefficients (20) and (21). Therefore, the complex natural frequen-
cies discussed in the previous section will occur as resonances of TSCS, ECS and ACS.

4 Numerical results

First, the evolution of the complex eigenfrequencies versus the parameter « is discussed.
In Fig. 3 the real and imaginary parts of the complex eigenfrequencies f,,: are plotted for
a varying from 0 (the PEC case) to 1 (the graphene case). The modes HPECUN-0UT) exist
at @ = 0 and transform to the plasmon modes P, and the dielectric-rod modes GH,, ,,.. It is
interesting to note that in the interior domain (Im f;,¥=0) only the H!\ mode transforms
to the plasmon mode P;. All other modes in the interior domain transform to modes of the
the GH,, ,, type, except the GH;; mode. The modes in the exterior domain transform to P,
modes. .

It is seen from Fig. 3a that if a increases, the real parts of f,, for the family “PEC,IN®
(¢=0) decrease while for the family "PEC,OUT" they display a small change. In Fig. 3b,
there is a clearer situation for the imaginary parts of f,,, namely, for the family “PEC,IN"
there is an increase starting from 0. This is because for a=0 the inner family modes have
real eigenfrequencies while for the outer family modes the eigenfrequencies are complex
with large imaginary parts. It follows from Fig. 3 that, in general, the modes are strongly
affected by the graphene presence. Note that for the majority of the modes of the fam-
ily "PEC,OUT" the imaginary parts decrease if a increases, and finally at =1 (the gra-
phene case) these modes have smaller losses than the lowest "PEC,IN" modes. This means
that when the graphene replaces the PEC screen, the modal fields of the “PEC,IN" family
radiate out of the cylinder r=r, and, on the contrary, the mode fields of the "PEC,OUT"

PEC,

weyy our Hg,
- Feg O
7164 reCy vt
411,04
EES L PEC, out
o Her H3 =
vECy; ot
%« ~ i1
(o]
[i4 ke
" L o5
=
0 T T T T d 0,0+ T T 1
0, 02 0,4 06 08 1,0 (BIEZ)C) 02 04 06 08 1,0
(PEC) o (GRAPHENE) o (GRAPHENE)

Fig.3 Real (a) and imaginary (b) parts of the complex eigenfrequencies [ versus a. r,=50 pm, el=1.
a = 0 corresponds to the PEC cylinder and a = 1 to the graphene shell in free space

@ Springer



253 Page 8 of 13 A.Y. Svezhentsev et al.

Fig.4 Real (a) and imaginary (b) parts of the complex eigenfrequencies f¢ versus e " at a = 1 (the gra-
phene case) and =50 pm
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x/rq

(a) (b) (©) (d)

b 0 1 . =
x/r, x/ro Oxr,!

Fig.5 Absolute value of the H, component for the outer family eigenmodes for the PEC cylinder (@ = 0)
with ro=50 pm: a H{ Y7 f“g 0.4786+i 0.6145; b HLPOUT, feis=1.3717+i0.7944, ¢ HISOUT,
fe8=2.2668+i0.9239; d HPEC our , f¥=5.0001+i1.15775. All frequen01es are given in THz

family penetrate into this cylinder. It is interesting to observe that the Hf IEC’OUT mode is
only slightly affected by the a parameter. Both the real and imaginary parts of its eigenfre-
quency demonstrate small changes.

Next, we discuss the GCCDMC eigenmodes transformation versus the dielectric rod
permittivity,e”, from e?=1 to e=2.4 assuming that a=1. This transformation is pre-
sented for the real and imaginary parts of the eigenfrequencies f¢, respectively, in Fig. 4a,
b. It is seen from Fig. 4a that the real parts of the eigenfrequencies decrease for all pre-
sented modes except for GH, . For this mode the real part of the eigenfrequency stays
almost unchanged. For the imaginary parts (see Fig. 4b), for all modes the situation is simi-
lar, except for the GH |, and GH,, modes. It is observed here that the plasmon modes P, are
more affected by the parameter € than the GH, | modes.

Below, the eigenmode field patterns are illustrated, by presenting the amplitude of the
H, component over the structure cross-section in the case of the PEC cylinder, see Fig. 5a,
b for the outer modes of the “PEC,OUT” family: Hf IEC’OUT, H;EC’OUT, H;EC’OUT, H;EC’OUT,
respectively.

It is easily seen that the field grows with r. This means that the PEC cylinder does not
hold the field, but it leaks away from the structure. This is a typical feature of an open
resonator, and in this case it corresponds to the asymptotical behavior of the Hankel func-
tion, H?(k'r) (see (1)), taking into account that the eigenfrequency has a positive imagi-
nary part. Hence, in the Complex Field Eigenvalue Problem (CFEP) the modal field always
decays with time 7 and grows with distance r.

@ Springer
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For the graphene case, in the outer region (r>r,) the modal field patterns behave in
similar manner. However, in the inner domain and at r=r,, different modal families behave
differently (see Fig. 6).

It is seen that the modes of the plasmon family,P,, have fields concentrated only close to
the graphene layer, while the modes of the GH,, , family show variations in the r direction.
Such a difference is clearly visible for the modes with n=1, namely, GH , and P,. Based on
the comparison of the eigenfrequency imaginary parts, it can be stated that the Q factor of
the P, mode is considerably larger than the one for the GH,, mode.

Now the results of the PWSP and CFEP problems will be combined. To begin with,
consider the 50 pm radius PEC cylinder. Its normalized TSCS versus frequency is shown
in Fig. 7, together with the complex eigenfrequencies (stars). This plot does not show any
resonance behavior at all. This is because the Q factors of the H?E¢-OUT modes with m=1
to 6 are very low, lower than 2.

The TSCS, ECS, and ACS (all normalized by 4r,) versus frequency are presented in
Figs. 8 and 9, for e/ =1 and £’/ =2.4, respectively. Together with these cross-sections, the
complex eigenfrequencies of the natural modes are depicted by stars. It is seen that in the

PNBLWN2OO
ENENENE

22828°
83883g

oooo00000

°9
&

220000000
SR Na
NOBIBEBG®

Fig.6 Amplitude of H, component for complex eigenmodes of the graphene cylinder (a = 1) with dielec-
tric filling e'=2.4, 4,=0.5 eV, T=300 K, and =107 s., ;=50 pm: a—GH,, £e8=0.5738+i0.6247,
b—P,, f“6=0.8094+i0.08124, c—P,, f¥=1.1616+i0.09246, d—P;, f<¢=1.4844+i0.07036,
e—GH,,, f¥=1.6472+i0.7412, f—P,, f¢=1.7712+i0.06459, g—DH,,, f<¢=1.9698+i0.1491,
h—P;,  f“$=2.0232+i0.06514, i—P,, f<¥=2.2490+i0.06686, j—P;, [¢¥=2.4553+i0.06842, k—
GH,,, f€8=2.6374+i0.7955, 1—Pg, f<¢=2.6463+i0.06967, m—GH,,, f¢¥=2.7923+i0.2306, n—P,,
f€=2.825+10.0706, 0—P,, f*$=2.993+i0.0714. All frequencies are given in THz
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Fig.7 Normalized scattering 0,25 0,25
cross-section versus frequency
for the PEC circular cylinder 0.20 020
(a = 0) with r,=50 pm (curve < g
1). The stars correspond to the
conElglgl)/cTelgenfrequggcgs/:T (1) for > 0,15 015 o
, (2) for H; NI =

fo HPEC oUT . (4) for HPEC OUT’ 5 %—
(5) for HE OUT (6) for He vt 0,10+ 010 =

0,05 0,05

0,00 T T T T - 0,00

0 1 2 3 4 5

Frequency, THz

Fig. 8 Normalized scattering
and absorption cross-sections
versus frequency for the circular
graphene shell (¢ = 1) in free
space (¢ =1): TSCS is marked
1, ECS is marked 2, and ACS is
marked 3. The graphene param-
eters are ;. =0.5 eV, T=300 K,
and r=107"? s, 7o=>50 pm. Stars
denote the complex natural
frequencies: (1) for GH |, (2) for
Pl, (3) for P,, (4) for P, (5) for
H,,, (6) for P, (7) for Ps, (8)

IM(f19/5)

for P, (9) for GH ), (10) for P5,
— ; .
(1) for GHy, (12) for Py 00 05 10 15 20 25 30 35
Frequency, THz
0,35 0,35
0,30 1 0,30
0,25 0,25
— o
;‘3 0,20 4 020 &
T t
© 0,15 0,15 =
0,101 (13) (15) 0,10
12
0,05 0,05
0,00 ; ; ; ; ; 0,00
0,0 0,5 1,0 15 2,0 25 3,0

Frequency, THz

Fig.9 Normalized scattering, extinction and absorption cross-sections versus frequency for GCCDMC
(=1, s =2.4): TSCS is marked 1, ECS is marked 2, and ACS is marked 3. The rod and graphene param-
eters are rO_SO pm, 4,=0.5eV, T=300 K, and 7= 10’12 s, rp=>50 pm. Stars denote the complex eigenfre-
quencies: (1) for GH,, (2) for P, (3) for P,, (4) for P5, (5) for GH,,, (6) for P,. (7) for GH,,, (8) for Ps, (9)

21 or
for Pg, (10) for P, (11) for GH,,, (12) for Pg, (13) for GH,,, (14) for Py, (15) for P,

12°
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case sf =1 (Fig. 8) all resonant frequencies correlate well with the plasmon modes, P,,.
Modes like GH,,, GH,,,, GH,, and DH,, whose complex frequencies have large imaginary
parts and hence low Q-factors, do not produce any visible resonance effects. In the case
of eﬁl =2.4 (see Fig. 9), the mode GH,, appears in the higher part of the studied frequency
band. However, it does not show up as a peak on the plots of the cross-sections, because of
a similarly low Q-factor.

Comparison of Figs. 8 and 9 shows that the dielectric with s{,’ =2.4 in the inner domain
influences the real parts of the plasmon mode frequencies in such a way that they are down-
shifted. The Q-factors are somewhat lowered, although not dramatically.

Note that in the case of the graphene boundary, the degree of transparency of that
boundary depends on the graphene’s surface impedance: the lower the impedance, the
lower the transparency (i.e. the closer the cover to the PEC case). Here, one must take into
account that the graphene’s impedance depends on the frequency according to Egs. (5)—(8)
and its imaginary part goes to zero if the frequency goes to zero. As a result, at frequencies
lower than approximately 3 THz (if the graphene’s chemical potential is 1 eV), the gra-
phene cover is highly conducting and all lower-order outer modes of the PEC cylinder, now
slightly perturbed by the imperfect conductivity of graphene, are present. Still, they do not
result in any pronounced resonances in the TSCS and ACS spectra because of the very low
Q-factors, caused by the graphene losses.

At frequencies higher than approximately 3 THz, the graphene’s conductivity tends to
be low, and it becomes well transparent. In this range, the natural modes of the GCCDMC
are close to the modes of the bare dielectric circular cylinder, with the “inner” and “outer”
mode families (Herasymova et al. 2022). Note that there exists a one-to-one correspond-
ence between these modes and the modes of the inner and outer domains of the PEC cylin-
der. This can be clearly demonstrated by an analysis of the effect of the parameter a vary-
ing from 1 to infinity.

Still, the presence of the graphene cover (o« = 1) yields new natural modes, absent in two
limiting cases: the PEC cover (« = 0) and the dielectric rod (« = o). These new modes are
the plasmon modes. The real part of their lowest eigenfrequency with azimuth index 1 lays
in the sub-THz range for the 50 um radius cylinder. The Q-factors of the plasmon modes
are an order of magnitude larger than the ones of the “outer” modes. Therefore the asso-
ciated resonance peaks are well visible in the spectra of the TSCS and ACS in the range
below approximately 3 THz.

5 Conclusions

The plane-wave scattering problem and the complex-frequency eigenvalue problem of a
GCCDMC excited by an H-polarized plane wave have been studied. As a reference, the
simple case of a hollow PEC circular cylinder was considered. For the GCCDMC fre-
quency eigenvalue problem it has been shown that the spectrum consists of two families:
the plasmon modes, the fields of which are compressed to the graphene cover, and the
modes of the dielectric rod perturbed by the graphene cover. Moreover, we have intro-
duced an auxiliary coefficient. If this coefficient varies from O to 1, then its product with
the impedance varies from the PEC to the graphene case. This coefficient was proven to
be very efficient when studying the transformation of the modes from one case to another.
It was proven that the plasmon modes are related to both the “PEC, IN” family (modes
existing only inside the PEC cylinder) and the “PEC, OUT” family (modes existing only
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outside the PEC cylinder). However, the plasmon modes are singular because they do not
exist in the PEC limiting case. If the auxiliary coefficient grows larger than 1 and even
goes to infinity (not presented here), the other limiting case is realized—the bare dielectric
rod, which does not have plasmon natural modes at all. It was also shown that for a 50 um
radius dielectric rod the first five plasmon-mode resonances, since they have the highest Q
factors, can be easily identified as the peaks on the cross-section plots. Higher modes have
a lower Q factor and do not produce any visible resonances.
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