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It ls known that in the case of harmonlc oscl.llatlons
1- s-lkct, Im k = 0), the radtaHon condttton ls one of the
prlnclples for derlvlng a unlque solutlon of Maxwell s equa-
tlons in an inflnlte domaln.l-{ If the boundarles extend to
tnftnlty, then Sommerfeldts radtation condltlonl is lnap-
pltcable. tr'or a hollow closed wavegulde, the radlatlon
conditlon was derlved by Sveshnikov.s tr'or open wave-
guides, on the other hand, similar condltlons have not yet
been formulated ln e4plicit form, although in a series of
works the solution derived from physical considerations ls
in agreement with the requirement for the rrabsence of ln-
comingwavesrr and has yielded reliable results. The aim
of the present work ls the correct formulation of the radia-
tion condition for an open waveguide, which extends the Som-
merfeld and Sveshnlkovts condltlons to the case of un-
bounded space contalning bodles and surfaces that are ln-
finlte and regular along an axis. (Fig. 1).

Definition 1. We shall examine a regular open wave-
guide of compact cross section which is formed by a finite
number of continuous nonlntersecting elements of three
ty'pes: a) a dielectric cylinder of cross section D wlth a
ff.nite boundary 0D; b) an ideally conductlng cylinder of
cross sectlon M with a finite boundary 0M1; and c) ideally
conducting infinitely thln open surfaces of cross section
0Mr. We shall deslgnaf,e aM =.dMru dM2, M = M u aM, h' = fi v
0D. We shall call the open waveguide descrlbed above the
wavegulde W.

All components of the fundamental solutl.on of Max-
wellrs equatlons {EG, HG} for the open waveguide W are
uniquely determined ln terms of two fundamental funcHons
Ge'm1R, R0) ={Ue,m, Ve,m} the soluHons of the following
boundary-value problem.

Problem (G):

-  / a 2  \ -
Gq^ = l-:-; + Isz slne,n e * zs).,

\ 0 2 '  /

(A +,t2e) fr ' '  t  (n, Rs) = -pc, n (R, Ro);
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(3)

field,

Problem (G) is the problem of the diffractlon of an
iatrlnslc fleld of a longltudinal electric or magnetic dipole
by the elements of the open waveguide W. To solve this
problem, u'e shall apply an integral Fourier transform

d' , . (n,Ro); (2n)- t  i  Er( i2" ,^( r , ro; i1r i t ' ( " - 'o)61,  (4)
i'2 1r; = Pz tl'1 - h' ,

where the integral is understood in the general sense,
stnce the functions 8", 

*(r, rs; h) ={ue, rrl, ve, m} can have _
slngularities on the contour of integratlon.

The functions !e'm1r, 16; h) are called transverse
Greenrs functlons, whlch are solutlons of the following
boundary-value problem

.f:egg*lg!
[A+ f ' ( t ) ] 8 " ' ^ ( r , r o ;h )=  -6c 'm6 , ro ' r .  r , r oe f i 2 \  [ t / ,  ( 5 )

where Imh=0,  Ee = {e- l  d(r . -  r0) ,  0} ,  and;m={0,  6(r  -  ro)} ,
with conditions of the type in Eqs. (2) and (3) in the plane
of the cgoss section. In addltion, by virtue of the compact-
ness of w c a2 in the l imit 1.*o, th€ functions E"'*(r,
re; h) necessarlly are subject either to the condition of
exponential decay (for lhl> k) or to the Sommerfeld condi-
tion (for lh l< t<t. Following Sveshnikov6 (see also Refs. ?
and 8), we shall wrlte them in theform (we shall drop the
indlces e and m slnce they are unlmportant)

! ( r , 16 ; t r )= ,= ;__  a ,n j "G i r , "e  1 r * - ; ,  
( 6 )

w h e r e r = k 2 - h 2 ;  I m h = 0 ; R e r  2 0 ,  I m r  > 0 ;  a n d  o n = { r l , o $ } .

The problem of determtnlng d1n, Re) tn G3 by way oI
calculattng the tntegrals in Eq. (4) leads to the need to
study!1h1 as a functlon of the parameter h ln the range of
tts analytlo contlnuatlon. It ts easy to see that thls regton
forms a subset of the Rlemann surface JC of the function
Ln rc(h), whlch ls the regton of analytlcity of ,the fundamen-
tal solution of Eq. (5) in the absence of the waveguide W.
We shall designate 33,s to be that ("physicalrr) sheet of JC,
over the real axis ofwhich Eq. (6) holds.

Applytng the Gauss-Ostrogradskii theorem, known in
electrodynamics as the complex power theorem, to the
field in a cyllnder of radius 11 > 4, where a is the radius
of the minimum clrcle surrounding the waveguide, we come
to the following assertion.

E f  l a u x , = o ;  [ E G l l a o x ,  = o ;  l t f  l r a o x " = 0 ,

t  ( k G f  + l g r a d  6 - i 2 ) d u < - ,  V c  6 s

where sF, H"G are the tangential components of the
be ={ e-1 d (R - R0), 0}, o* = {0, o (R - R0)}.

f i " . ^  =  l n f ' ^ , 1 : ' ^ l  ,

R, Ro e A,\(ryx r) ,  
(1)
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_  
L e m m a  1 -  T h e  r e  d o  n o t  e x l s t  a n y  e l g e n _

v a l u e s  o f  t h e  p r o  b L e m  ( g )  f o r  w h l c h  h e K o , .  .
I m h = 0 . a n d

,., _r,t ,!?r?O!ious. that .in- the limit r * - Fq(r, hn) = 61e><p-1
(n;-k")'/ 'rl, such that there exlsts the finite nuhber

P! = c Gn)-t *r 

",{ 
, 

[Eo x Hi J zods,

i .e., the average flux of,complex power through the cross
section of the open waveguide. ( im;t j" 's

, ,{ ,  
[ to 

]< 
Hi I  zods= o; 

",{ 
,u 

l to x Hol zods = 0 (10)

(e)4 ( R e k R e , (  + l m k  I m x l e - 2 t ^  * "  
i  1 . "  t 2  t t  - u r' , 3 - - ( l  a i l ' + l a i l 2 )

+ -J  [ lm  kH2+(Rek tme  + lm ,kRee)4 '  z ]ds  0 \

and (or)

4 ( R e  &  I m  r  -  I m , t  R e  K )  e - 2 l m  * ' '  
E  ( t o :  t t

r  =  - 6

+-  - [ [ (Rek  Re e  -  Im, t  lme)^ t2  _  RetH2 ldr .

From Lemma 1 and from the fact that for e =1 the
problem (g) decomposes lnto two problemsltr and vrwhich
are independentrrelailve to the scalar furrctions we flnd

-  T h e o r e m  1 .  T h e  b o u n d a r y - v a l u e  p r o b _
l e m  1 g )  h a s  a  u n i q u e  s o l u t i o n  i n  t h e  f o l l o w _
i n g  c a s e s :  a )  f o r  a l l  r e a l  h ,  i f  I m  k  >  0 ,
I m e  =  0 ;  b )  f o r  a l l  r e a l  h # r k ,  i f  I m  k  =  0
: ' n d  i f  e i t h e r  I m  e  >  0 , o F  e  = 1  ( h  =  * k  a r e

b r a n c h  p o i n t s ) ;  c )  f  o r  a l l  r e a l  l t r  I  <  k ,  i f
I m k = 0 . I m € = 0 . R e e * 1 .

The following fundamental result holds.

T i g o - r c . q - + .  T h e  t r a n s v e r s e  G r e e n r s
f  u n c t i o n s  [ "  " "  ( r ,  r e ;  h )  o f  t h e  o p e n  . w a v e _
g u i d e  W  e x l s t ,  a r e  a n a l y t i c  o v e r  h  o n  t h e
s e g m e n t  l h l < k , h e K o ,  a n d  p e r m i t  a n a l y t i c .
c o n t i n u a t i o n  o n  t h e  R i e m a n n  s u r f a c e  J C ,  w i t h
t h e  e x c e p t i o n  o f  a  s e t  o n  ( w h i c h  i s  n o  m o r e
t h a n  d e n u m e r a b l e  a n d  s y m m e t r i c  r e l a t i v e
t o  0 )  o f  i s o l a t e d  p o l n t s ,  w h l c h  a r e  p o l e s
o f  f l n l t e  m u l t i p l i c l t y ,  w i t h o u t  f t n l t e  c l u s t e r
p o i n t s .

For an open waveguide, comprlsed of elements of
type b) and c) from definltton 1, the proof of Theorem 2 ls
a corollary of the result of Refs. g and 10. For elements
of t;pe a), the same result can be obtained by investigating

tegral equations that are equi.ralent to problem (g) on
,-e basis of thetr Fredholm nature and anal3rtic dependence

of the kernels on h.12

Following Refs. 7 and 18, it can be established that
the residues of the transverse Greenrs function at the
polnts h e_o, are equal, within a constant, to theelgen-
functlons f o(r, hq) of the homogeneous problem (g) with a
generalizedradlation condi.t ion in the l imit r *o, which
formally coincides with (6) for slmple poles, with one dif-
ference fltaf, hoeK. It ls easy to see that in this case (6)
allows an exponential lncrease as r*€. The functions
{nq, IS}, whch are uniquelydetermlned by the elgenvec-
tors fq(r, hO), wil l then describe the fields of the general-
ized natural waves of the open waveguide W, which cor-
respond to a discrete spectrum o1., of the propagation con-
stants h.

Def in i t ion 2.  We shal l  designate ,o = 
"9 rhro:  

lh-o = -ho;

hq e ohi hq e 1(o; Im lro = 61 to be the ,"toof p"op"gation
constants of all . ?ioper: natural waves of the ooen wave-
guide W.

!hggE_lS_!_ The p r inc ip le of  f f r r i :be-  ab-
s o r p t l o n  f o r  t h e  d e r l v a i l o n  o f  a  u n i q u e  s o l u _
t i o n  f o r  t h e  p r o b l e m  ( g )  i s  c o r r e c i l y  a p p l l e d
o n l y  i f  e i t h e r  €  =  1 ,  h ; e  * k ,  o r  I m  e  >  0 ,  h  *
* k ,  o r  l h l <  k ,  o r  k  d o e s  n o t  b e l o n g  t o  o 5 .
O t h e r w i s e ,  t h e  l l m t t  o f  p ( r ,  r s i  h ,  k )  f o r
I m  k *  + 0  e x l s t s  o n l y  i n  a  c l a s s  o f  g e n e r a l -
l z e d  f u n c t i o n s .

The proof of Theorem 3 is derived from Theorems 1
and 2.

. Starting from'Theorem 2, weshall now construct onlv
that fundamental Greenrs function d 1R, Ro), which will b
ln agreement with the requirement for the absence of
sources at infinity, and we shall prove its uniqueness.
Studying its asymptotic behavior as R*€ permits one to
formulate the radlaflon condiflon for an opln waveguide.

For simplicity, we assume that all points ah # O are
simple and do not coincide with +k. We apply the method
of steepest descents to the study of the tnfegral in Eq. (4).
The following lemma, following from the results of Refs.
13 and 1b, ls also necessary.

-  L S g - 1 1 3 _ a .  I f  h p ,  h n e  6 o , p * q ,  t h e n  t h e  f o l _
l o w i n g  o r t h o g o n a l i i y  r e t a t i o n s  h o l d :

(8)

T_ !S_U_e_rn_A  The  bounda ry  p rob lem (G)
h a s  f - o r  I m  k >  0 ,  I m  e  ]  0  a  u n i q u e  s o l u t i o n
l n  t R 3 ,  w h i c h  s a t i s f i e s  f o r  R  =  1 i 2  +  z r l r / r *
-  t h e  c o n d i t i o n

( - n -

-  l " i  - i  "  t^^n l ' ) { r1v l i '<e 'e) '  '>r ' l
d ( R . R " : , t ) = J  

' = - 4  m = - n
t I
l o ( t ) ,  r 1 r 1  J

o _
* 

o2 roof  ,o{ t ,h) lo?)  (z  = o) ,  (11)

I r  
=  * a x ( r 0  ,  ? \ i  h d . l ) t * t  a r e  s p h e r t c a l  H a n  k e l

f u n c t l o n s ;  V { f )  1 e , " E l  ̂ r e  s p h e r i c a l  a n g u l a r
f u n c t i o n s ,  o r t h o n o r m a l  o n  t h e  u n i t  s p h e r e ;
h n  u F q  ( r ,  h q )  a r e  s i m p l e  e i g e n v a l u e s  a n d
e i g e n v e c t o r s  o f  t h e  p r o b l e m  ( B ) ,  s u c h  t h a t

h q e t h ,  h o * k ;  f r o =  l u o , l L o u o l ;
fo(z) = exn(irn holz l); tn = signe!).
Proof by contradiction. It is necessary to use Gauss-

Ostrogradskii theo4llfor an electromagnetic f ield in the
reglon V (see f ig .1) ,  whlch ls  f ree of  sources,  and to
examine the l imi t  as n l* - ,  r r l *o,  r1/R1- 0.  Keeplng in
mi4d the orthogonality of the V{ff) 1e, p) functions and
Lemma 2 and studying the resulT in relation to its f ixed
sign behavior, we find a contradiction.

Note that if the multiplicity of any pole is higher than
1, this can be easily allowed for by using the calculus of
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residues. If any of the stmple poles ho* k, then its con-
tribution needs to be evaluated by a moittfted method of
steepest descent.14

Thus, it is-necessary to add to a spherical wave that
satisfles the Sommerfeld condtHon [first term in gS. (11)],
the superposition of pr-opsr intrinsic waves of ihe open
wavegulde (second term). 

'For 
each of the latter a partial

radiation condition can be posed for lr l* *t

a\Q) (121

d l r l  
- i t o h o l o Q ) = o ,  c = 1 , . . . , e ,  h q e A h .

Condltton (12) ts slmilar to the Sveshnlkov's conditions
for a hollow closed waveguide. It is different, however, ln
that tt has the value 7o whlch reflects the fact that in the
open waveguide the intitnsic waves can have phase and
group velocltles tn different directlons. Thus, in an open
wavegulde it is lnsufflclent to require the absence of in-
coming waves, rather, it is necessary to require the ab-
sence of waves carrying energT from infinity.

An obvious corollary of Theorems B and 4 ls

homogeneous boundary-value problem of the type (G) with
the condition (11) for Imk< 0. In this case, Eq. (18) guaran-
tees the construction of equivalent integral equations, de-
splte the lncrease in the solution in the l imit R*o.

In concluslon, we note that in the space of two mea-
sure,ments of G2, the analog of conditton (11), for r=(y2+
z2l1/2 -  * ,  is

, !- -o^ nlt' gr) etn s, v > v I

o ( l ) ,  ! 4 y r

Here it ls assumed that there are no Fed€ff*+ waves
in this case, y 

o= 1. Using Eq. (14), we can generallze
radiatlon condlfion (11) to an open waveguide with regularly
noncompact cross sectlon. To do this, lt is necessary to
construct a transverse Greenrs function E(r, r0; h), replac-
ing condltion (6) by condition (14). In addition, alt of the
radiation conditlons studied above can be generalized as
well for a regularly periodic open waveguide.
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rheorem 5.. rhe princrple of f inrr.e ab- ,"rJli#t*"":,f j :Jtl"i l*"#"t"?o*"ssor 
v. P.shes-

s o r p t t o n  y i e l d s  a  u n i q u e  s o l u t i o n  o f  t h e
p r o b l e m  ( G ) ,  s a t l s f y i n g  c o n d i f i o n  ( 1 1 )  i n  t h e
t i m i t l m k - + 0 .

Uslng the same results as those used in proving Theo-
rem 4, we 6hall establlsh the validityof thefollowingpropo-
sitlon.

.  T h e o _ r e m  6 ,  F o r  a n y  f  t e l d s  { E  r ,  H  r } a n d
{ E  2 ,  H 2 } ,  s a t l s f y i n g  M a x w e l l ' s  e q u a t i o n s
a n d  c o n d l t i o n  ( 1 1 ) ,  t h e  f o l l o w i n g  r e l a t i o n
i s  s a t i s f l e d ,  r e g a r d l e s s  o f  t h e  c o m p l e x i t y
o f  t  h e  c o m p l e x  n u m b e r  k :

_  l i m  I  l l E r X H z l - [ E z X H l l l  n , d s = 0 .
( r +  s i f t + 6  s ,

\ l R  t +  o

Theorem 6 permits the construction of a solution for
the problem of the excitation of an open v,raveguide, i.e.,
problems of the type (G) with a finite right side, in the
form of convoluttons with a fundamental solution deter-
mined by the functions de'm1R, Ro). In addition, Eq. (18)
permits applying Greents vector theorem to construcHng
integral equatlons in the theory of diffraction of ,
lntrinslc waves (traveling from z - +o) by inhomogeneities
in an open wavegulde of the screen and inclusion type,
compact ln G3. Moreover, the fact that Eq. (18) is also
satlsfied for all complex k, permits one to correctly formu-
late the problem of the spectrum of intrlnsic oscillations
of open resonators that are .Le:.de/ .uiith;.. open wave-
guides. Such generalized lntrinslc osclllations satisfy the

(13)
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