Chapter 9

Green’s Function-Dual Series Approach
in Wave Scattering by Combined
Resonant Scatterers

'y

Alexander I. Nosich

1. INTRODUCTION

‘1.1 Historical Background

As is well known in general, rigorous scattering and diffraction theory is based on the
theory of boundary-value problems, therefore the progress here is closely tied to that of this
branch of mathematics. So, as two-dimensional wave scattering problems can be reduced to
singular integral equations by using a generalized potential theory approach, the Fredholm’s
theory of integral equations is of great importance [1]. Besides, the theory of Fourier trans-
forms and functions of complex variable enables one to solve integral equations of a certain
class [2]. This approach is called the Wiener-Hopf (WH) technique; one delivers exact solu-
tions of such canonical diffraction problems as that for a semiinfinite zero-thickness plate,
and produces effective approximate solutions for a great number of modified geometries.

“All these problems are known to be rearrangable in the form of equivalent dual integral
" equations. '

The development of the Riemann-Hilbert Problem (RHP) approach can be considered

as another great event in diffraction theory, although it is still less known than WH one. This
“technique delivers exact solution of certain dual series equations. In the core of the approach

there lies a problem about reconstruction of an analytical function X (z) of complex variable

2z = z + iy whose limiting values X*(z) from inside and outside of a closed finite or infinite
- curve L @i)satisfy the following condition

X¥(z0) = Az0) X~ (20) =Blx0), 20 € L ' )

“with known functions A(zp) and B(z) called the coefficient and the free term of RHP,
respectively.

Actually, the solution of this problem was first given by Carleman (3] but thorough
"investigation of the RHP theory and general solution of (1) for L being an arbitrary curve
'can be found in the books by Muskhelishvili [4] and Gakhov [5]. Agranovich, Marchenko
' and Shestopalov [6] were the first who applied this approach to particular scattering problem
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of plane waves diffraction by a plane-strip periodic grating. They discretized it in terms of
Floquet—l@oprier series expansion, reduced to the dual series equations for unknown coeffi-
cients, applied RHP ,solution of [3-5], and obtained an infinite Fredholm system of linear
algebraic equations of the second kind. The principal point of derivations was in taking an-
alytically all the integrals for matrix elements due to the fact that here contour L is simply
a circle. As a result all the scattering characteristics can be obtained with desired accuracy
through a fully correct and simple numerical procedure. Thus unlike the WH the RHP
approach is of combined analytical-numerical nature implying both the analytical inversion
of a certain part of the initial operator and the highly-efficient numerical inversion of the
remaining part.

Thereafter this approach has been expanded upon a wide class of periodic zero-thickness
9.2 D scatterers with perfect conductivity (see Refs.[7-25]). Among them there are multiele-
ment and multilayer strip gratings (Tretyakov, Litvinenko, Kazansky, Podolsky et al., 1963-
75), strip irises in a waveguide (Shcherbak, 1965-75), periodically slitted circle (Tretyakov,
Sologub et al., 1967), circumferentially and helically slitted circular waveguides (Agranovich,
Sologub, 1964-67), open circular screen (Koshparionok, 1972, Nosich, 1978, Ziolkowski,
1984), infinite grating of circular screens (Veliev, 1977), finite number of circular screens
(Melezhik, Veliev, Veremey, 1980-86), slitted infinite cone (Sologub, Doroshenko, 1985~
88), open resonators (Poyedinchuk, Brovenko, 1980-90), open strip/slot lines on circular
substrates (Nosich, Svezhentsev, 1980-89). Due to the periodicity of boundaries all these
problems can be rearranged in the form of dual series equations with the set of functions
exp(ing),n = 0,%1,... as a kernel (so-called trigonometric kernel due to the known rep-
resentation exp(iny) = cosny + isinnp). Consequently, there appears an RHP with the
contour L being a unit circle L°.

As for the most impressive amount of fundamental and applied results, in ’60s and *70s
they were obtained in the analysis of diffraction by strip gratings. However by ’80s the focus
has been shifted to a circular nonclosed screen and collections of such screens. Recently, it
has been shown that numerical analysis of the 2— D scattering from an arbitrary smooth open
screen can be efficiently reduced to canonical (circular) case by appropriate parametrization
(26].

Selected works in this field until 1986 were duplicated in the books by Shestopalov
[27-30] (in Russian). Relevant problems were analysed by Litvinenko and Salnikova [31].
Ziolkowski [32, 33] was the only author in the West who exploited this approach. All the
solutions mentioned above can be considered as "numerically rigorous” because they are not
fully analytical but provide the results with any degree of approximation. The restrictions
are of purely computational nature as one has to store and process a matrix equation of the
order somewhat greater than characteristic dimension to wavelength ratio.

1.2 On the Extention of the Range of Applications.

One can conclude that probably all canonical structures treatable by conventional RHP
technique have already been analyzed. Further development leading to the extention of
the range of applications requires some new ideas. One of those can be seen in combining
conventional RHP method with other classical methods for the analysis of combined struc-
tures. For example, although a free-space diffraction is of great value both for microwave
theory and applications, it is often desirable to take into account correctly the real inhomo-
geneous environment of the scatterer. An important class of such problems connected with
a plane-parallel layered dielectric medium with imbedded localized obstacles arises. As for
the open screen, examples can be found in modelling a reflector antenna radiation in the
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presence of an interface between two media, dielectric-slab modes scattering and conversion
by screen-like inhomogeneities, excitation of and energy leakage from a multiple-mirror open
resonator containing a material slab, etc. Another related class of scattering problems arises
for screens near infinite plane-periodic boundaries, i.e. near periodic diffraction gratings.
Such problems are generated by the necessity of simulation of open resonators with grating
inhomogeneities for millimeter-wave oscillators and spectroscopic cells.

So far, all these problems have never been analysed correctly in full-wave dynamic

~ formulation. The aim of this treatment is to demonstrate that they are solvable by the

RHP approach as well, provided that this method is combined with the Green’s function
technique. It means that one must firstly construct the Green’s function of 2 — D space
containing, all the elements except the screen, and further apply the generalized potential
theory and RHP-based inversion procedure.

As for a dielectric-layered medium, the 2 — D Green’s functions are available in explicit
form as Fourier-type integrals with exactly known transforms. For a space with a grating the
Green’s functions are not available analytically, but nevertheless for many particular gratings
there exist elfective numerical approaches in Fourier transform domain. Those are known
for gratings of plane or inclined strips, of semi-infinite planes, of circular or rectangular rods,
for echelette etc., and solutions can be found with any desired accuracy.

Due to infinite boundaries of a slab or a grating the formulation of mentioned problems
has to be changed in comparison to the free-space diffraction. The well known Sommer-
feld condition of radiation is not necessarily valid here, and to ensure the uniqueness of
the solution it has to be replaced by some other one adequate to the combined geometry.
This question has been analysed by Nosich [34] who showed that the modified condition of
radiation contains all the natural guided (undecaymg) modes of a slab. The same is valid
for gratings provided that such modes do exist.

2. MATHEMATICAL FOUNDATIONS OF THE METHOD

The RHP technique is a powerful tool of solving wave scattering and diffraction problems
and requires knowlege of the theory of analytical functions of complex variable and Cauchy-
type integrals. In this section we shall summarize main information necessary for futher
sections and give a method of solution for canonical dual series equations.

A

2.1 About the RHP in a Complex Plane

Consider a simple smooth nonintersecting closed curve L in the plane of complex vari-
able z = 2 + iy, and define two open domains QF such that QT = intL and Q~ = extL as
shown in Fig.1.

Let X(z) be a sectionally analytical function such that X(2) = X*(z) for 2 € Q*. If we
assume that 1) limiting values of X (z) from inside and from outside of L, namely X%(z),
zg € L, satisly a transmission condition given by

)(-+(ZU) - X~ (Z[]) = B(ZD) (2)

with at least IIdlder-continuous known function B(zg) as a free term, and 2) X'(z) is vanishing
at |z] — co, then it is known that the whole function X (z) can be expressed in the form of

Cauchy integral
1 B(zg)d
X(z) = __/...(_M (3)

2w zp— Z
L
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‘Fig. 1. Complex z-plane separated to bounded and unbounded domains by a closed curve L.

For such integrals, the Plemelj-Sokhotskii formulas are valid, giving the limiting values
Xi (Zo) as

X*(20) = X(20) % 5 B(20) (4)

The RHP is a somewhat generalized version of the problem (2), and involves into the
treatment another known function A(z) on the curve L , of the same class as B(zo), so that

X*+(z0) — Al0)X~(20) = Blza), 1ol (5)

Further generalizations can be introduced by setting coefficient A(zq) to be a discontin-
wous function on L , and by setting L to be an open curve. Besides, the behaviour of X(2)
at the infinity can be not necessarily vanishing but described by a polynomial function of
z. Consider a boundary value problem about the reconstruction of an analytical function
X (z) after the boundary expressions

X*(z20)+ X7 (20) = B(z), z2€MCL (6a)

X*(20)~ X"(2)=0, 2 €S=I\M (6h)

given at the open smooth enough curves M and S completing each other to a closed curve
L

The equation (6b) states that functions X*(z) continue analytically across S. Thus,
they represent the same analytical function of z in Q%* respectively. The two of equations
(6) can be rearranged as a single one by introducing discontinuous coefficient and free term
functions

s 1, 20 € M
= 7
A(ZO) { -1, z €S M
ey B(z), 2 €M
= Z[] ] ZO g
= 8
Hiea) { 0, €S ()

so that one obtains

X*(20) + A(20) X (20) = B(20) (9)
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Note that equation (9) is valid on the whole closed curve L.

To make further derivations, it is necessary to specify the behaviour of unknown function
X(z) at infinity and at the endpoints of the open curve M, where the functions A(z) and
B(z) loose continuity.

We shall assume that X(2) is vanishing as |z| — oo, however the functions of different
behaviour, polynomial in general, can be treated by the RHP technique as well. Besides,
we shall assume that X' (z) has singularities of the order 1/2 at each of two endpoints of M.
This behaviour is typical for electromagnetic problems of wave scattering and diffraction by
perfectly conducting zero-thickness screens. However, in other applications this is not true,
like, e.g., in fluid and gas dynamics where the velocity potential function has no singularity
at the rear edge of a thin hard wing. Basically, the RHP approach enables one to treat any
singularities of the order less than 1, and not necessarily equal to each other.

2.2 Solution of an RHP Typical for Electromagnetics

Guided by the above assumptions, we can introduce a characteristic function R(z) of

‘the problem under consideration, such that the function X(z) R(z) is regular in the whole

complex plane including endpoints of M. The procedure of seeking this function is described
in [4,5] and brings ;
R(z) = (z — a))V?(z — a3)'/? (10)

. with z = a; » for endpoints, and the branch chosen so that limits differ by sign : if z € Qi,

zo € M then for z — z, R(z) — R¥(20) = £R*(2). Thus, the characteristic function
satisfies a homogeneous RHP on the closed contour L

1 1

BrGe) T R(r) (1)

Now, by introducting new functions
Y(z) = X(z)R(z) (12)
D(z9) = B(z) R (20) (13)

we come to an RHP with continuous coefficient function, valid on a closed curve L

-

Y*(20) = Y™ (20) = D(z) (14)

As the characteristic function has a simple pole at infinity due to the fact that R(z) =
O(z) as z — oo, it is known [4,5] that the solution (3) has to be modified by adding a

constant C, so that
(= o [ ki

el Zp— 2
L

G (15)

Rewriting (15) for the function X(z) we find

1 1 /R+(20)B(ZQ)dZU + C (16)

Aiz) = %R(z) Zp—z R(z)

M

Expression (16) delivers the exact solution of initial transition problem of Riemann-
Hilbert (6) with mentioned assumptions about the behaviour at infinity and at the endpoints
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of curve M. However, this solution is not much effective. computationally because of the
singular character of the integral term in the right hand part. As for the constant C, its
value can usually be obtained due to certain additional conditions following from the physical
nature of initial problem which generates an RHP like (6).

2.3 Exact Solution of Canonical Dual Series Equations

" Consider the following dual series equations with ”trigonometric” kernel for infinite
sequence of coefficients p,, n =0,%£1,...

Y halnle®™® = F(e*),  peM=(8<|p| <) (172)
(n)
S hae™ =0, peS=(lp|<8) (17b)
(n)

where the sums are taken from —oo to co.

Assuming that the vector g = {u,}5%_, is of the space Iy, and series in (17) are
term-by-term differentiable, we replace (17b) by its derivative with respect to ¢ and add
the identity at ¢ = 0, the center point the interval S. Denoting f = 7 — 6, ¢ = 7 + ¢ and

F'(e¥) = F(e"¥~'), we have

S kalnle™® 0 = Fi(e),  ype M = (jy| < f) (18a)
(n)

Z#nnein(v,b—w) =0, pes = (ﬁf [¥] < =) (18b)
(n) 2

D #n =0 | : - (18¢)
(n) :

By introducing functions X*(z) of complex variable z = re*¥ such that

Xtz =% Y pan(-1)"2" (19)
n>0n<0

we come to dual funtional equations

XHE) + X~ (V) = F'(e¥), veM (20a)
XtEWy 2 X (e =0 pes (20b)

which constitute an RHP of the type considered above with a curve L = M’US’ being a

unit circle L2, If X(z), like before, is vanishing at infinity and has singularities of the order
of 1/2 at the endpoints z = e then the solution is given by the equation (16).

However, we are interested in obtaining the coefficients y,, describing the function X(2)
exactly on the curve L. So, we must make use of Plemelj-Sokhotskii formulas for the limiting
values of X (z) and fiud for ¢,40 € L

+ ntl
Xt - X~() = Lt [EOEOR ocqu) 1
M!

-

rn

al
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J t.he where
| its Qo) = 1/R*(to), to € M’
Bt Y7 fes =L
As the definition (19) yields
X*(to) = X~ (to) = ) pan(=1)"ei"¥o
Inite (n)
we can make a Fourier inversion of (21) and obtain
17a) " ;
: pmm(=1)" = Vo (I, B) + 2C R (6), m=0,%+1,... (22)
17b) where we denoted
1 F | 1 [ V(F,¢to)emimbogy
_ 1 o\ /([ gi¥o)e—imbo gy — L 7, et )e” M 0 ddy
Vi (F ) = 5 [ e S o
) are A :
- add
- ; RY(4)F(t
» and V(F,e¥°) = PV / o Flelde
t — eito
M’
1 27r 1 —imy
(184 ' e i —"ﬂwu e”tmve
i52) ' I (8) = 57 /Q( Je o = o7 / R*‘(e“%)dwg
0 ‘ M '
‘18b) '
Setting m = 0 in (22),"we can exclude the constant C, so that
(18(1) ﬂnxTn(_l)m = _Vm IS [/(]Iz'm/RD (23)
Now, assume that the Fourier expansion of the free term function is available, that is
F‘(Eid’) = anehb (24)
(19) P
Then, obviously
"l F’ Z‘fﬂ V:::
(20a) (n)
(20b) where
e n __ 1 U"(e !ﬁ) —-inuj;
mg a i Vm R ﬂ:[ R+( "l’o) °dipy (25)
order : M/ ;
i 1 RY(4)e
- ] n f f = _—'P.V. _—"dt 2
X(2) un(to, f) = — ety (26)
mting i M’
if and (23) is reduced to
21 | sloigtn
@ (=1 = 3 fu (V2 = V@ R/ R) = 3 fu ¥
,% ) )
{
|
i
! —
i - 3 — Y.
| fa® 5 Pu F Ll —
| ’ % i) - | w

N_m.
—
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Besides, we have to add the equation following from (18c¢) to find the coefficient po:

<t

m (27)

po=—3 fa 3 (—1)’“;n

(n) (m#0)

Calculation of vn, V;* and Ry, requires a fine technique of integration in the complex
plane and was performed by Agranovich et al.[6]. In terms of Legendre polynomials Pp(cos B)
the results are as follows .

V. (cos B) = 2{;—21—) [Pf;(cosﬁ)PnH(cos,@) — Poy1(cos B) Pa(cos B)]
R (cos ) = %Pm (cos B), yr=yn-l (28)
(m#0) In )

\ g7

So, we can rewrite the obtained equations in the final form convenient for further
analysis .
fim = (=1)™ > faTinn(cos ) (29)
(n)

where

1 n—1
me_l(COf’B). m+#0

> Tn(cos B) = %Vﬂ__ll(cosﬁ), m=0,n#0 (30)
—111-”—;0§£, m=mn=0.

3. FREE-SPACE H-WAVE SCATTERING BY AN OPEN CIRCULAR
SCREEN

In this section, we treat the scattering of a plane H-polarized electromagnetic wave by
an infinitely long circular cylinder with a longitudinal slot, and develop the solution in detail,
As it was pointed out in Section 1.1, this problem was solved using the RIIP technique by
Koshparionok [14] (however, Sologub et al. [11] had obtained a more general solution for
N-slitted cylinder somewhat earlier). Later, based on this formal solution, Nosich [15] and
Ziolkowski [32] investigated numerically the resonances and far fields as well as near fields
and surface currents, respectively.

All field quantities are assumed to have time variation exp(—iwt)with w for the angular
frequency, and this time factor will be omitted throughout all further sections.

3.1 Formulation of the Problem

Consider the scattering of a plane wave incident normally upon zero-thickness perfectly
conducting circular nonclosed cylinder (screen), as shown in Fig. 2. The magnetic field
vector of the incident wave is assumed to be parallel to the axis z of the cylindrical coordinate
system (r, ¢, z) coaxial with the scatterer. The screen’s parameters are : radius a, angular

P —
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Fig. 2. On the plane-wave scattering from circular open screen in free space.

width 26, and those of the slot are: angular width 20 = 2(x — §) and position angle . Our
aim is to reduce the scattering problem to dual series equations, and to solve (regularize)
them by means of the RHP technique.

As the problem is essentially scalar and 2 — D one, total field can be characterized by
the single H, component presented by the sum of incident and scattered field terms

H(F) = H™ () + () = & 4 HY(7), 7= (r,) (31)
The function H*°(7) has to satisfy the 2 — D Helmbholtz equation
(A+B)H() =0, k=w/ec (32)

everywhere off the contour A of the screen, and the boundary condition on M of the
Neumann type '

) .
—(H"™ 4+ H**) =0, rEM (33)
an

Besides, due to the sharp edges of the screen, we need to impose a kind of restriction on the’
field behavior, namely, we demand that field energy is limited inside any bounded domain
B

f(k2|H“|2 FIVHP)di< oo (34)
B

including the vicinity of the edge.
Finally, if Imk = 0, far from the scatterer the well known Somumerfeld condition of
radiation is demanded

irkr

1), 90 (e )me“‘f ()

It can be proved that the solution of the problem (31)-(35) is unique. To obtain this proof,
one has to assume that opposite is true and apply the Green’s formula

/(utlv — vAu)dF = / (ug_z = u%) d (36)
b 8D
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to the difference between two solutions u = H; — H and its complex conjugate v = HT—H3
within a bounded domain D (see Fig.2). By expanding D to the whole space exterior to M
(outer boundary being a circle) and using (35), one comes to the contradiction between the
left and right hand parts of the final expression and thus concludes that Hy = Hs.

3.2 Derivation and Regularization of Dual Series Equations

Taking into account the conditions (33)-(35), we apply the Green’s formula to the
unknown scattered field function H*°(7) and the 2 — D free-spate Green’s function

Gol7, ") = %Hé”(kh? =) (37)

within the same domain D — extM as before, and come to the conclusion that solution can

“be sought as a generalized double-layer potential

H*(F) = f p(F’)a—a-,Gu(F,r’)dF' G
mn
M
where ;
)= [HE)], ' eM (29)

is the unknown current density function (square brackets are for the jump of field function),

and n is the exterior unit normal vector.
Now we can enforce the boundary condition (33) to the function (38) that yields an

integro-differential equation
0 n 0 o .
— 7Y Go(7, 7 )i = ——H'"(7), P € M 40
2. [ M g ol FF = g HE), e M (40)
A
So far we have not yet exploited the fact that the contour M is a part of a circle. If we
take this into account, we can easily discretize our problem by expanding all the functions

in (40) in terms of angular exponents exp(ing), n=0q4&1,....
Indeed, on completing the current density function with identical zero at the slot S, we

expand it as follows

=Y . 2 ing
p(7) = i (Z),Uﬂe (41)
and immediately obtain a series equation for unknown coeflicients
S iae™® =0, @ES | (42)
(n)
Besides, by employing the well known addition theorem for cylindrical functions, we
have i
; Jo (ke YHy ' (kr), r>1r'Y . X
GD(F,F’) = i Z{ ' ( ) 1) ( ) ! }ex:l(w—‘.ﬂ ) (;13)
4 = Ju(kr)Hz ' (k2'), r <

After substituting the above series to (40), term-by-term integration and differentiation
(provided that functions are smooth enough) bring us another series equation valid on the

complementary curve A

S (k) B (ka)e™ = = bae™?, e M (44)
(m) (n)

.
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. I

with :
'.otxl’l—’f bs = 4" (Ba) (45)
1the
Here we exploited the known expansion of the exponent, that is
) eikz = e:’kr cos - Z z'"Jn(k?')eimp (46)
(n)
> the . ) ) :
Thus, equations (42) and (44) constitute the dual series problem for a vector of coefficients
L IT1 eu having a kernel of ”trigonometric” type. It is equivalent to the initial boundary-
(37) value problem if the function p(yp) is smooth enough to justify term-by-term differentiation
in (44). Besides, we derive an additional requirement specifying the functional class of the
n can sequence of p,, by applying the condition (34), say, to the domain » < a, namely
Z |in PFln+1] < o0 (47)
(38) )
Now we have to reduce the obtained dual series equations to those of canonical form. Inves-
(39) tigating asymptotic behavior of the product of cylindrical functions derivatives as [n| — oo,
’ we find that g '
tion), T (ka)HSY (ka) = —(ink®a®) ™ n| [1 + O(k%a®n~?)] (48)
d5 ali Therelore, after introducting the set of functions
An(ka) = |n| + in(ka) T, (ka) HSY (ka) (49)
(40) : » :
we find that the following equations are valid
If we J
ctions Zp,,ln]em"" = Z [Anpn — in(ka)?b,] e, f<le—@ol <7 ~ (50a)
g ‘ (n) (n)
, we .
D™ =0, lp—o| <8 (50D)
(41) (n)
We see that the left hand parts of (50a,b) have exactly the same form as the equations
investigated in Section 2.3. Thus, applying the RHP scheme as described above, we come
(42) to the infinite system of linear algebraic equations
ﬂm:ZAmahuﬂ'l'Bmy m:O,il,... (51)
ns, we (n)
where
(43)
Amn = Anfmﬂ(gg (PO) (52)
dati . =
211 o By = in(ka)? Y baTonn(9, o) (53)
(n)
Tmn(0,0) = (=1)™F"ei=mdeoT, (_ cos0) (54)
(44

with Ty, (-) given by (30).
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This infinite system can be rewritten as a single operator equation

(I — A)y =B (55)
where p = {pn )52 _ oo, operator I is that of identity and operator A = [|Amallf p=-co a1
be shown to be compact in the Hilbert space of la: p € I if Z lun|? < 00. Actually, a more

‘ ! : (n)
rapid convergence takes place as even Z |4‘| < oo due to the estimates
() mau
¢ c
Amal < — 56
l mnl |m i TIHTTII]‘/E]'HP/Q 1 |Ann‘ < n‘-’ ( )

which are established based on the known large-index behavior of cylindrical functions and
Legendre polynomials.

It means that (55) is a regularized operator equation in /5 with a canonical Fredholm
operator, and well known Iredholm’s theorems are valid : solution y does exist for every
real value of & and is unique. Further, this solution can be approximated with any desired
accuracy by means of truncation of matrix A = ||Amn||5 no_e, and vector {B}-_ for
all |m|, |n| > Ni» because the sequence of approximate solutions is guaranteed to converge
to exact one as Ny — co. In practice, a simple numerical rule has been verified : to provide
the accuracy of 0.1%, one has to take Ny =(entire part of) ka + 5. Finally, estimates (56)
enable one to check that condition (34) is really satisfied as || = O(|n|~3/?) with |n| — co.

So, however (51) gives a formal (i.e. not analytical) solution of the considered problem, it
can be treated as a numerically rigorous one due to being fully grounded from mathematisal

point of view.
3.3 Calculation of Near Field and Surface Current

According to (38), (41), (43) the field function is found to be

H(® = H™(# + Y _ pnha(kr, ka)e™® (57)
(n)
where
T (ka)H D (k) r>a
A (kr, ka)= i (58)
H O (ka) T (), r<a
Large-index asymptotics of cylindrical functions enable one to see that as |n| — co
i [ —(a/m)", r>a
A (ke ka) ~ — 59
a( T a) ﬂ'k(l{ (T‘/G)n, r<a ( )

Thus, the worst convergence is observed for 7 = @, and the same difficulty takes place
for the calculation of surface current density function

Jol9) = = [H(a+0,¢) = Ha = 0,¢)] = () (60)

from the Fourier series (41) converging as O(!n|'3/2).




